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MATHEMATICAL MODELING OF THE FILTRATION
CONSOLIDATION OF WATER-SATURATED
RANDOMLY INHOMOGENEOUS SOIL MASSES
V. V. Skopetskii
†
and L. V. Volokh UDC 519.21:517.977
The filtration consolidation of water-saturated randomly inhomogeneous soil masses is studied. The
field of excess head in a soil mass with random inclusions is obtained in the case of random
consolidation coefficients.
Keywords: filtration consolidation, consolidation coefficients, excess head, consolidation of soil mass.
The Darcy law is known to be the principal law of filtration in the classical theory of nonstationary filtration in a
porous medium. This law assumes that the equilibrium between pressure gradient and velocity is attained instantaneously.
However, equilibrium is actually attained with a delay and, to take this into account, velocity  and pressure p in the









p  , respectively, where    0 is relaxation of
velocity and  p  0 is relaxation of pressure. Once the pressure jump is removed instantaneously, the motion does not stop
instantaneously but damps as exp ( / ) t 

. As the motion stops instantaneously, the pressure gradient damps in time as
exp ( / ) t p . Disequilibrium between the velocity of filtration and the pressure gradient can be explained by relaxation
effects due to the inertia of fluid and the velocity as a function of pressure gradient or due to the complexity of structure and
the properties of the randomly nonuniform medium.
Let a rectangular soil mass  {( , ) :x y 0  x l, 0  y a} contain randomly arranged spherical inclusions. The filtration
properties of the material of inclusions (domains  i with boundaries i i n( , )1 ) substantially differ from the filtration




), in particular, the
consolidation coefficients c
i
for domains i substantially differ from the consolidation coefficients c
0
of the domain 
0
.
Let us consider a problem similar to that from [1].
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for inclusions, where c
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Conditions at the interface between inclusion and the matrix can be written as





































where n is the normal to i .
68 1060-0396/08/4401-0068
©
2008 Springer Science+Business Media, Inc.
V. M. Glushkov Institute of Cybernetics, National Academy of Sciences of Ukraine, Kyiv, Ukraine,
†
fiotkpi@public.icyb.kiev.ua. Translated from Kibernetika i Sistemnyi Analiz, No. 1, pp. 89–100, January–February 2008.
Original article submitted May 25, 2007.
Figure 1 shows a possible structure of a body with migrating impurity.
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Passing in (1) and (2) to the dimensionless variables (4) and omitting the prime, we get the same form of equations as
in (1) and (2). Let us write the boundary conditions:
H y t H y t( , , ) , ( , , )0 0 1 0  , (5)
H x t( , , )0 0 ,  H x a ty ( , , ) 0 , (6)




H x yt ( , , )0 0 . (8)





is a random function.
Let us reduce the consolidation problem for a mass (1), (2), (5)–(8) to the problem for the whole body. To this end,
we use the main derivations from [2]. Since the function H within the body has discontinuities of the first kind, we use the
representation
f x f x f x x
i
x ii
    

( ) ( ) [ ] ( ){ }  ,
where { }f x ( ) is a piecewise-continuous function, [ ]f xi
is a discontinuity of the function f x( ) at the point xi , and  is
the Dirac delta function.
For H,
H H H r r
i
    











is a position vector of points of the boundary  of the body.
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Then the consolidation coefficient c












into account, with (10) and the creep property, we will write the consolidation equation as
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defined on the interval t T[ , ]0 , x[ , ]0 1 ,
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L r t H r t L r t H r ti0 ( , ) ( , ) ( , ) ( , )
   
 , (12)
where
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Assume that the right-hand side of Eq. (12) is a source. The boundary-value problem (12), (5)–(8) is equivalent to the
nonlinear integro-differential equation
H r t H r t G r r t t L r t H r
t
i( , ) ( , ) ( , , , ) ( , ) ( ,
     






t dr dt) , (13)




is a solution of the homogeneous equation L H
0 0
0 with the boundary conditions (5)–(8).
Let us consider a homogeneous equation L r t H r t
0
0( , ) ( , )
 
 . Similarly to [4], to eliminate differential operations in x


























The normalized solution of this problem is the function K xn
1

sin ,  n n .
Then the equation L r t H r t
0
0( , ) ( , )
 
 becomes
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Problem (15) becomes


























c Hm n m n 0 ,
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( , ) ( )  	  , we represent the solution H y tmn
0
( , ) of problem (15) as a series

























Applying the inverse transform once again yields the solution of the original problem (14)
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where K C n m 0
2 2
( )  .
Note that when H x y H
0 0
























Let us introduce the following notation:




        K K K A n m ,
(19)




        K K K B n m .
Then (17) becomes
H x y t
H a
A B
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   ( )r r (20)
and the boundary conditions
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( , ) 0 .
Problem (20) can also be solved by the integral-transform method, similarly to problem (13).
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c Gm n m n 
  n m mnx y  sin
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Denoting P c m n 0
2 2
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Let us introduce the notation similarly to (19):




       
 P P P D n m , (19)
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P P P E n m ,
then



































































































 . We have the following
recurrent formulas:
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Since H
0
is a continuously differentiable function,
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The general term of the sequence H H H
n( ), ( ), ( )
... ,
0 1
can be written as
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where R r tn ( , ) is the difference between the nth and the ( )n 1 th terms of the sequence
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r dt .
We get the series
H r t H r t R r t
n
n( , ) ( , ) ( , )  0 . (23)
THEOREM 1. Series (23) converges absolutely and continuously.
Proof.
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The operator L ri ( )

acts on the Green function G r r t t( , , , )  as follows:
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As a result,




s     
% % % %
0 0 
     






















sin sin sin sin





































































































































































| | ( , , ) ( ) ( ,R U
a
n m




   






    



















( ) ( , )








Repeating this procedure n 1 times yields the estimate




























































































































































































































































































sums of series (22) absolutely and uniformly converges as n ( ' according to the Weierstrass criterion, i.e.,









Theorem 1 is proved.
THEOREM 2. The function H r t H r t R r t
n







is a solution of the integro-differential equation (13).
The proof is similar to that in [2].
To find the excess head field H in the mass with randomly located inclusions, we use the results from [3]. Let us





. Let inclusions in the body be arranged




is a nonrandom function,
* + H r t H r t
0 0




Consider the expression I G r r t t L r H r t dr dt
t
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. The random variables are position vectors


















































ri is the position vector of the center of inclusion  i and Ri is the mean radius of inclusion),














































































































































































































































































































































































Substituting the Green function (22) and the excess head (17) into (24) and integrating yields the formula for the




is a random function.
For illustration, we will present the curves of the excess head field in a soil mass with randomly arranged inclusions.
Figure 2 shows the excess head field as a function of the ratios of consolidation coefficients c c
 
0 1
0 001/ . (curves
1 and 2) and c c
i 0































/  0.001 for t  20, curves 1– 4 corresponding to changes in S
1
, curve
4 coinciding with the axis.














; correspond to curves 1–4, curve 4 coinciding with the axis.
To solve the boundary-value problem of filtration consolidation of water-saturated randomly nonuniform soil masses,
the following approach is proposed. The theory of distributions is used to reduce the boundary-value problem to a
consolidation equation for the whole body, given the appropriate initial and boundary conditions. The boundary-value
problem thus obtained is associated with a nonlinear integro-differential equation. The method of successive approximations
is used to obtain the solution of this equation as an absolute and uniformly converging series. There is an excess head field in




is a random function. The present study is necessary to
analyze filtration consolidation of drained soils with allowance for the geological properties of the soil skeleton.
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